We experimentally realize a simple scheme to minimize errors in multi-qubit entangling operations related to residual excitation of mediating bosonic modes. The technique employs discrete phase shifts in the oscillating field driving the gate to ensure all modes are de-excited at arbitrary userdefined times. We demonstrate its use across a range of parameters with a pair of 171 Yb + ions and observe a significant reduction in gate error under non-ideal conditions. The technique provides a unified framework to achieve robustness against both static and time-varying error sources.
The ability to perform robust, high fidelity entangling gates in multi-qubit systems is a key requirement for realizing scalable quantum information processing [1] . In several hardware architectures, qubits are entangled through shared bosonic oscillator modes via an interaction that is moderated by an external driving field. The Mølmer-Sørensen (MS) gate in trapped ions [2, 3] and the resonator-induced phase gate in superconducting circuits [4] [5] [6] are both of this type. Similarly, multi-mode cavity arrangements have been explored to improve gate fidelities [7] and probe novel types of interactions [8] in superconducting circuits.
A major source of error for oscillator-mediated gates is residual qubit-oscillator coupling at the end of the operation, effectively creating a loss channel for the resulting entangled qubit state. This detrimental effect can arise due to the presence of quasi-static or time-varying noise on the driving field, slow drifts in experimental parameters such as qubit and oscillator frequency, or the presence of spectator modes that are not properly accounted for in the gate construction. In trapped ion systems, various schemes have been demonstrated that minimize this residual coupling [9] [10] [11] [12] [13] , with some also incorporating the ability to simultaneously decouple from multiple modes [14] [15] [16] . Their common feature is an effective temporal modulation of the driving field which modifies the trajectories of the joint qubit-oscillator states in each oscillator's phase space.
In this Letter, we experimentally demonstrate phasemodulated (ΦM) entangling gates using trapped ions in the presence of multi-mode spectra. Specifically, we implement an MS-type interaction using analytically calculated phase shifts [17] to permit mode decoupling for arbitrary laser frequencies in a way not otherwise achievable through the conventional gate construction [18] . Average two-qubit gate fidelities of 96.8(9)% are achieved across a wide range of detunings near a pair of motional modes, reducing errors by approximately an order of magnitude relative to the best unmodulated alternative. We experi- * These three authors contributed equally to this work.
mentally verify the robustness of ΦM gates to both static and time-varying noise in the drive frequencies and the effect of a tailored operator-construction to systematically reduce sensitivity to noise. Data show good agreement with a new theoretical model developed in the filter function framework to capture the influence of timedependent noise [19] .
In oscillator-mediated entangling gates, the application of an external driving field, typically a microwave or laser, produces a qubit-state-dependent displacement of the oscillator in phase space. Given a system of N qubits and M bosonic oscillator modes, this coupling is described by the following time-dependent Hamiltonian
whereσ µ s is the Pauli spin operator in the basis s ∈ {x, y, z} acting on the µ th qubit, andâ † k ,â k are creation and annihilation operators acting on the k th oscillator mode. The complex-valued function γ µ k (t) = Ωf µ k e iδ k t describes the coupling between the µ th qubit and k th oscillator mode, where the coupling strength is divided into two components: an overall strength Ω, and a hardwarespecific factor, f µ k . Here, δ k is the frequency difference (detuning) of the driving field relative to the k th oscillator mode.
Under the application of the driving field, the coupled system undergoes a unitary evolution [20, 21] including both a qubit-qubit entangling term and a qubit-state-dependent displacement of the oscillator modes in phase space, described bŷ
. The wave packets associated with the corresponding joint qubit-oscillator states undergo circular phase space trajectories, proportional to the coherent displacement α k (t) = t 0 dt e iδ k t , with the k th mode trajectory returning to its starting point with a period of 2π/δ k .
Completion of a qubit-qubit entangling operation requires the suppression of residual qubit-oscillator entanglement; for a gate of length t = τ g , this is given by the condition α k (τ g ) = 0, for each mode k. Decoupling from any particular mode is possible by choosing a gate time and drive detuning such that δ k τ g = 2πj, for j ∈ ±{1, 2, ...}. For large numbers of modes, however, satisfying this condition for all k necessitates prohibitively long gate times. Instead, we can implement a temporal modulation scheme on the phase of the mediating drive as introduced in [17] to close all trajectories in a shorter time -which we can set arbitrarily -even in the presence of time-dependent parameter fluctuations. The required phase modulation procedure can either be determined through numeric optimization or analytic calculation; for the number of modes (M ≤ 4) considered in the following experimental demonstrations, both approaches are approximately equivalent in performance and we focus on the analytic scheme outlined in [17] .
The key to the analytic phase modulation method is that for any time evolution of the k th oscillator state over the interval t ∈ [0, τ ], its phase space trajectory can be returned to the origin by repeating the same evolution over the interval t ∈ [τ, 2τ ] with an overall shift of the coupling phase, φ(t), equal to δ k τ − π, as illustrated in Fig. 1(a) . Using the Heaviside function Θ(t), a segment of this evolution may be represented by r(t; τ ) = Θ(t) Θ(τ − t) e −iφ(t) , which modifies the qubitoscillator coupling via γ µ k (t) → γ µ k (t)r(t; τ ). We can now define a family of operators R δ k , parametrized by δ k and acting on r(t; τ ) as
This captures a two-segment piecewise constant modulation sequence over the interval t ∈ [0, 2τ ], which returns the trajectory of mode k to its initial state, yielding α k (2τ ) = 0. As illustrated in Fig. 1 (b, c), this process of phaseshifted concatenation may be repeated to construct sequences that close any number of oscillator trajectories in a desired gate time τ g . In order to decouple M oscillators, the gate is divided into 2 M time segments of length τ s = τ g /2
M and the phase modulation sequence is constructed as R δ M ...R δ1 r 0 (t; τ s ), where r 0 (t; τ s ) = Θ(t)Θ(τ s − t) is the 'base' sequence for which φ(t) ≡ 0. When referring to the complete modulation sequence defined over the interval t ∈ [0, τ g ], we use the short-hand notation
We experimentally implement this scheme using a system of 171 Yb + ions confined in a linear Paul trap (described in [22] ) with an ion-electrode distance of ∼ 550 µm and center-of-mass (COM) trap frequencies ω x,y,z /2π ≈ (1.6, 1.5, 0.5) MHz.
Qubits are encoded in the 2 S 1/2 ground-state manifold where we associate the hyperfine states |F = 0, m F = 0 ≡ |0 and |F = 1, m F = 0 ≡ |1 . State initialization to |0 via optical pumping and state detection are performed using a laser resonant with the 2 S 1/2 − 2 P 1/2 transition near 369.5 nm. Details of the state detection and evaluation can be found in the Supplemental Material.
A pulsed 355 nm laser (80 MHz repetition rate, 10 ps pulse duration) is used to drive stimulated Raman transitions between the qubit states [23] . Two orthogonal 355 nm beams, with a geometry that enables coupling to the x, y radial motional modes, are focused onto the ions and the beat note between their frequency combs is shifted close to resonance with the qubit transition near 12.6 GHz using acousto-optic modulators. Before each experiment, the ions are sideband-cooled to the motional ground state, with a typical average phonon number n ≈ 0.2. To implement the entangling gates, a two-tone radio-frequency (RF) signal produced by an arbitrary waveform generator is applied to one of the modulators, producing a bichromatic light field that off-resonantly drives the red and blue sideband transitions, creating the state-dependent force used in the Mølmer-Sørensen gate. Modulation of the coupling phase φ(t) is achieved by adjusting the phase difference between the red and blue frequency components, φ(t) = (φ b (t) − φ r (t))/2.
We begin by demonstrating the ability to arbitrarily decouple multiple motional modes using this phase modulation scheme. A single qubit is prepared in |0 and the bichromatic Raman fields are applied for a fixed duration of τ g = 80 µs. The Raman beat note frequency is scanned over a range including two radial modes. Here, the application of the state-dependent force produces a purely qubit-oscillator interaction and any residual coupling between the qubit and oscillator at the conclusion of the operation will result in P 1 > 0, where P 1 is the probability of a single ion being projected into state |1 . In Fig. 2(a) , we tune the modes to have a frequency splitting sufficiently large that the predominant interaction is with only a single mode. In this configuration, complete decoupling is achieved for δ k = ±2π/τ g and is indicated by P 1 dropping to zero symmetrically about δ k = 0, where δ k is the detuning from the desired mode. In Fig. 2(b) , the mode splitting has been decreased via electrostatic tuning of the trap potential such that both modes will be excited when the beat note is detuned close to either, illustrating the problem of mode crowding experienced in larger systems. Now, for the same gate time and laser frequencies, complete decoupling is no longer possible (see inset phase space trajectory) and the data (black) show a large value of P 1 at intermediate detunings. In the purple dataset, we have applied a four-segment phase modulation protocol to decouple both modes near the arbitrarily chosen detuning value of -8.5 kHz. We are able to close the mode trajectories that were previously left excited at that detuning, indicated by the dip in P 1 . In all cases experimental data agree well with analytic theory (solid lines).
We now validate the impact of phase modulation in two-qubit MS entangling gates. Starting in |00 , we produce the entangled Bell-state (|00 + i |11 )/ √ 2 by detuning the Raman beat note to excite both the y-COM and x-tilt mode, separated by ∆/2π ≈ 10 kHz (Fig. 3) . The remaining two modes are detuned by ∼ 80 kHz, far enough to not be significantly excited. The gate time is chosen such that when the detuning from either mode is an integer multiple of ∆/3, the spin and motion fully decouple, giving τ g = 2π × 3/∆ (∼ 310 µs). Based on populations P 0 , P 1 and P 2 , where P n is the probability of measuring n ions in |1 , the gate fidelity is estimated as F = (P 0 + P 2 )/2 + π c /2, where π c is the coherence of the Bell state produced by the gate. The latter is obtained from the parity contrast observed upon scanning the phase of a global π/2 pulse after the gate.
To demonstrate the flexibility of the ΦM gate, we vary the beat note detuning over a range between the y-COM and x-tilt modes, optimizing the Rabi frequency Ω at each point for a maximally entangling gate. Fig. 3 compares the maximum achievable fidelity for the standard and phase-modulated MS gates. For the standard gate, Maximum achievable fidelity as a function of detuning for the standard (black) and phase-modulated (purple) MS gates. Solid lines show theoretical predictions, with no free parameters. In order to minimize the required Ω, different ΦM sequences are implemented over the detuning range, with r δ 2 δ 3 (t; τg) used for δ2/∆ ≥ −0.5 and r δ 3 δ 2 (t; τg) for δ2/∆ < −0.5. The required Rabi frequency Ω ranges from 2π ×(24−26) kHz for the ΦM gates and 2π ×(19−26) kHz for the standard gates. Error bars are derived from uncertainty on the state population estimates and a fit of the parity contrast. The inset shows the underlying data for the ΦM gate at δ2/∆ = −0.1 (indicated by the gray arrow). The gate time is fixed at τg = 500 µs, with a target detuning of −2 kHz from mode 4. The standard gate (gray) is compared to the ΦM sequences r δ 4 δ 4 (t; τg) (blue) and r δ 4 δ 4 δ 4 δ 3 δ 2 (t; τg) (purple), which provide second and third order noise suppression for mode 4, respectively. Rabi frequency Ω is scaled for all settings to ensure a maximally entangling gate is enacted, with the required Ω ranging from 2π × (18 − 39) kHz. The scaling required for the third-order sequence also necessitates the decoupling of modes 2 and 3. (b) Phase space trajectories for mode 4 with a detuning error of +500 Hz, marked via the dashed line in (a), demonstrating improved closure with enhanced error-suppression. F = 1 can only be ideally achieved when both mode trajectories naturally close at the gate time, which is allowed at just two detunings. Elsewhere the measured two-qubit gate fidelity drops as low as 50% due to strong residual mode excitation. In contrast, by implementing an appropriate ΦM gate, F = 1 can ideally be achieved for any detuning. For the ΦM data shown, we obtain an average Bell-state fidelity of 96.8(9)%, limited predominantly by measurement infidelity.
A key benefit of ΦM gates beyond the ability to achieve decoupling at arbitrary gate settings is their robustness to both static and time-dependent gate errors. For a given mode k, sequences with augmented robustness can be constructed by repeated application of the operator R δ k on the base sequence r 0 (t; τ s ). The number of times the operator is applied determines the 'order' of noise suppression associated with decoupling from mode k. A sequence that suppresses noise to order (p+1) will achieve decoupling in the presence of noise that modifies the qubit-oscillator coupling via γ
j is a p th -order polynomial. For example, the sequence R δ2 R δ2 R δ1 r 0 (t; τ s ) = r δ2δ2δ1 (t; τ g ) will decouple modes k = 1 and k = 2, providing additional noise suppression to second order for mode k = 2. These robust sequences result in mode trajectories that return to the origin repeatedly throughout the operation and, in the presence of noise, coherently average away any deviation from the ideal oscillator trajectories, reducing the residual displacement.
We begin, in Fig. 4 , by performing two-ion ΦM-MS gates in the presence of static detuning offset errors, and measuring P 1 as a simple proxy for gate infidelity associated with residual qubit-oscillator coupling. Such offsets are a common cause of gate infidelity and may arise due to slow drifts in the depth of the trapping potential or incorrect calibration of the mode frequencies. As the suppression order in the gate construction is increased, the range of detunings for which P 1 ≈ 0 (effective mode decoupling) broadens, demonstrating robustness for detunings up to 50% of the target value with third-order suppression. Data agree well with analytic theory predicting the functional dependence of the measured P 1 on detuning.
Gate effectiveness in suppressing time-dependent noise is conveniently captured using a filter function formalism [17, 19, 24, 25] . We specifically consider fluctuations in the frequencies of the motional modes, which result in a time-dependent detuning error throughout the gate. For a given detuning noise spectrum S(ω), the noiseaveraged P 1 population associated with residual oscil-
2 ) can be expressed as
with F (ω) = k F k (ω). Here, each F k (ω) is a 'modal filter function', capturing the k th mode's sensitivity to detuning noise in the frequency domain, which can either be calculated analytically or numerically [26] . The analytic expressions for the filter functions appropriate for this form of detuning noise represent an original contribution of this work (see Supplemental Material ).
We experimentally test this formalism by reconstructing the total filter function, F (ω), with the mode separations tuned such that it is dominated by a single mode, k = 1. After setting the MS interaction to naturally decouple from the k = 1 mode at the gate time, we engineer a noise spectrum S(ω) = π(δ(ω − ω mod ) + δ(ω + ω mod )) by sinusoidally modulating the detuning of the Raman beat note at frequency ω mod throughout the operation. The frequency ω mod is varied over several orders of magnitude and for each value we average measurements over the starting phase of the modulation; any residual coupling will result in P 1 > 0, from which we directly infer F (ω) + F (−ω) after phase-averaging. As the decoupling filter function is only dependent on the residual displacement |Ωf
2 , this measurement is performed using a single ion.
The predictive power of the filter function formalism is experimentally validated in Fig. 5(a) , where we compare the noise sensitivity of an unmodulated (standard)
Modulation frequency ( ) operation to ΦM sequences with different orders of noise suppression. Plotted with the data are the analytically derived filter functions. The standard gate shows broadband sensitivity to noise, manifested as an approximately constant dependence of the measured E [P 1 ] with noise frequency. Data shows excellent agreement with filterfunction-based theoretical predictions using no free parameters.
Increasing the order of noise suppression in ΦM gates decreases noise sensitivity, captured by an enhanced slope of the filter function with frequency on a loglog plot. Measurements show a reduction in the measured E [P 1 ] relative to the standard gate in the regime ω mod τ g /2π < 1; higher orders provide increased robustness to the applied time-dependent detuning noise as well as the other (uncontrolled) error sources. Adding a frequency-independent error offset to the filter function theory (to account for uncontrolled error sources, such as laser amplitude noise) accurately reproduces the full form of the data, including the low-frequency regime where we observe divergence from the baseline theory (blue dotted line in Fig. 5(a) ).
Scaling the Rabi frequency in a ΦM gate as in Fig. 5 (b) permits a direct comparison to real experimental circumstances encountered in an entangling operation requiring a fixed phase space area. In this case, the reduction in E [P 1 ] for the ΦM data represents a direct manifestation of noise suppression in the MS gate; agreement with the filter function prediction is good, again with no free parameters, down to the measurement fidelity floor. Here, increasing the Rabi frequency of the ΦM operation raises the peak of the filter function above that of the standard operation, indicating a trade-off between low frequency error suppression and sensitivity to noise near ω mod τ g /2π ≈ 1.
In summary, we have shown that phase-modulation provides a robust and flexible framework for performing high-fidelity entangling gates in trapped ion systems with multiple motional modes. We perform two qubit entangling gates with an average fidelity of 96.8(9)%, achieving maximum fidelity at an arbitrary gate detuning, including under conditions when unmodulated gates with high fidelity cannot be achieved. In addition we show that the ΦM framework also provides robustness to static and time-dependent errors in the gate detuning, captured through a new theoretical model. This approach to error-suppressing gates holds several advantages relative to competitive approaches. First, it is easily implemented using direct-digital synthesizers or arbitrary waveform generators where phase shifts are trivially performed. Secondly, as the amplitude and frequency of the driving field remain fixed throughout the gate operation, experimental -often duty-cycle-dependent -nonlinearities and the effect of time-dependent AC Stark shifts do not need to be considered as they are in other approaches [14, 15] . The ΦM technique is also readily extensible to multi-qubit entangling gates in larger ion crystals, where preliminary results show that numerical optimization may be utilized to exponentially reduce the number of phase shifts required to decouple from large mode numbers. We hope that phase-modulation may be employed beyond ion trap systems to improve gate fidelity in other QIP architectures that utilize oscillatormediated operations.
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